We obtain renormalized stress tensor of a mass-less, charge-less dynamical quantum scalar field, minimally coupled with a spherically symmetric static Lukewarm black hole. In two dimensional analog the minimal coupling reduces to the conformal coupling and the stress tensor is found to be determined by the nonlocal contribution of the anomalous trace and some additional parameters in close relation to the work presented by Christensen and Fulling. Lukewarm black holes are a special class of Reissner-Nordström-de Sitter space times where its electric charge is equal to its mass. Having the obtained renormalized stress tensor we attempt to obtain a time-independent solution of the well known metric back reaction equation. Mathematical derivations predict that the final state of an evaporating quantum Lukewarm black hole reduces to a remnant stable mini black hole with moved locations of the horizons. Namely the perturbed black hole (cosmological) horizon is compressed (extended) to scales which is smaller (larger) than the corresponding classical radius of the event horizons. Hence there is not obtained an deviation on the cosmic sensor-ship hypothesis.
Introduction
Semiclassical approach of quantum gravity theory is known as quantum matter field theory propagated on a curved space-time, in which a classically treated curved space-time is perturbed by a suitable quantum matter field (Birrell and Davies 1982) . A fundamental problem in this version of the quantum gravity theory, is calculation of renormalized expectation value of quantum matter stress tensor operator <T µν > ren . Renormalization theory give us a suitable theoretical prediction, in which expectation value of a singular quantum field stress tensor operator reduces to a nonsingular quantity contained an anomalous trace. This nonsingular stress tensor treats as source in RHS of the Einstein's gravity equation such as follows.
where G µν is Einstein tensor with the perturbed metric g µν =ĝ µν + ∆g µν and the background metricĝ µν , Λ is positive cosmological constant and T class µν is classical baryonic matter or non-baryonic dark matter field stress tensor. Non-minimally coupled scalar dark matter fields with a negative value of equation of state parameter may to be come originally from effects of conformal frames. The latter case of the matter is a good candidate to explain positivity accelerated expansion of the universe and to remove the naked singularity of the universe in quantum cosmological approach. See (Nozari and Sadatian 2009 ) and references therein. The above equation which is written in units G = = c = 1 is called the metric back-reaction equation. There are presented several methods for the renormalization prescription, namely dimensional regularization, point splitting, adiabatic and Hadamared renormalization prescriptions (Birrell and Davies 1982) . The latter method has distinctions with respect to the other methods of the renormalization prescriptions. Hadamared renormalization prescription is described in terms of Hadamared states and it predicts few conditions on unknown quantum vacuum state of an arbitrary interacting quantum field (Brown 1984; Bernard and Folacci 1986; Ghafarnejad and Salehi 1997) . Hence it provides the most direct and logical approach to the renormalization problem for practical calculations. Furthermore it is well defined for both massive and massless fields.
Renormalization theory is still establish the covariant conservation of stress tensor operator expectation value of quantum field contained with a non vanishing trace anomaly, namely
This anomaly is obtained in terms of geometrical objects such as R µν R µν , R µναβ R µναβ , 2R, and R 2 for conformaly coupling massless quantum field propagated on four dimensional curved space time (Christensen 1976; Adler, Liberman and Ng 1977; Wald 1978; Birrell and Davies 1982; Brown 1984; Bernard and Folacci 1986; Ghafarnejad and Salehi 1997; Parker and Toms 2009) . In two dimension the conformal coupling reduces to minimal coupling and so the quantity of trace anomaly is obtained in terms of the Ricci scalar R = R β β which for a massless scalar matter field become:
The main problem in the equation (1) is to fined <T µν > ren coupled with an arbitrary non-static and non-spherically symmetric dynamical metric. But there are many degrees of freedom and inherent complexity on four dimensional solutions of equation (1). There are obtained in detail only for class of four dimensional spherically symmetric space times which are treated as two dimensional curved space times, because the spherically symmetric condition on four dimensional space times eliminates the extra degrees of freedom of Equation (1) (Christensen and Fulling 1977) . Two dimensional analog of the renormalization theory and solutions of the back-reaction equation is used to determine final state of spherically symmetric dilatonic and also non-dilatonic evaporating black holes metric by several authors. For instance Strominger et al were obtained a nonsingular metric for final state of an evaporating two dimensional dilatonic massive black hole (Alwis 1992; Banks et al. 1992; Callan et al. 1992; Russo et al. 1992; Piran and Strominger 1993) . It is shown in (Lowe and O'Loughlin 1993) that an evaporating two dimensional dilatonic Reissner Nordeström black hole reduces to a remnant, stable nonsingular space time.
Evaporating dilatonic Schwarzschild de Sitter black holes final state whose size is comparable to that of the cosmological horizon is in thermal equilibrium (Bousso and Hawking 1998) .
It is obtained that final state of a non-dilatonic Schwarzschild-de Sitter evaporating black hole reduces to a remnant stable object with a nonsingular metric (Ghafarnejad 2006; Ghaffarnejad 2007) . It is shown by Balbinot et al that the Hawking evaporation (Hawking 1974; Hawking 1975 ) of the two dimensional non-dilatonic Schwarzschild black hole is stopped (Balbinot and Brown 1984; Balbinot 1984; Balbinot 1985; Balbinot 1986; Balbinot and Barletta 1989) . Back reaction corrections of conformaly invariant quantum scalar field in the Hartle Hawking vacuum state (Hartle and Hawking 1976 ) was used to determine quantum perturbed metric of a non-dilatonic Reissner Nordström black hole by Wang et al (Wang and Huang 2001) . They followed the York approach where a small quantity ǫ is introduced to solve the metric back-reaction equation (1) by applying the perturbation method (York 1985) .
Furthermore noncommutative quantum field theory in curved space times and so generalized uncertainty principle derived from string theory (Amati et al 1987 (Amati et al , 1988 (Amati et al , 1989 (Amati et al , 1990 Capozziello et al 2000; Snyder 1947; Seiberg and Witten 1999; Douglas and Nekrasov 2001) , is other quantum gravity approach in which the space-time points might be noncommutative (Aschieri et al 2005; Kobakhidze 2005, 2006; Chamseddine 2001 ). The latter quantum gravity model is also predicts remnant stable mini-quantum black hole where the Hawking radiation process finishes when black hole approaches to its Planck scale with a nonzero temperature (Nicolini P. et al 2006; Mehdipour 2005, 2008) .
According to the perturbation method presented by the York, we solve in this paper, two dimensional analog of the metric back-reaction equation (1) (Christensen and Fulling 1977) we obtain the renormalized stress tensor components of black hole Hawking radiation in terms of a nonlocal contribution of the trace anomaly. The plan of this paper is as follows.
In section 2, we define Lukewarm classical black hole metric and obtain locations of its event horizons. In section 3, we derive thermal radiation stress tensor operator expectation value of a massless, charge-less quantum matter scalar field propagating on the black hole metric. Having the obtained Hawking radiation quantum stress tensor, we solve back-reaction metric equation (1) in the section 4 and obtain locations of the quantum perturbed horizons. Section 5 denotes to the concluding remarks.
Lukewarm Black Hole Metric
Reissner Nordström de Sitter space times with Lorentzian line element is given by
where
and M, Q are the mass and charge of the black hole respectively. Λ is the positive cosmological constant. Lukewarm black holes are a particular class of Reissner Nordström-de Sitter, with Q = M. For 4M < 3/Λ we have three distinct horizons, namely black hole event horizon at r = r h , inner Cauchy horizon at r = r ca , and cosmological horizon at r = r c , where
and
While the event horizon is formed by the gravitational potential of the black hole, the cosmological horizon is formed as a result of the expansion of the universe due to the cosmological constant (Gibbons and Hawking 1977; Breen and Ottewill 2011) . An observer located between the two horizons is causally isolated from the region within the event horizon, as well as from the region outside the cosmological horizon. The above line element is exterior metric of a spherically symmetric static body with mass M and charge Q. It is solution of the equation (1) under the condition <T µν > ren = 0 where T class µν is stress tensor of classical electromagnetic field of a point charge Q and it is given in (t, r, θ, ϕ) coordinates such as follows:
In advanced time Eddington-Finkelestein coordinates (v, r, θ, ϕ) where
one can obtained classical electromagnetic field stress tensor (8) such as follows.
with
where we defined
Locations of the classical event horizons defined by (5), (6) and (7) become respectively
and in case 0 < ε < 1 we have
Applying (11) with q = 1, we obtain locations of the horizons and quasi-flat regions of the black hole space time, from the equations Ω(x) = 0 and dΩ(x) dx = 0 respectively. These conditions reduce to the following relations.
Diagrams of the functions defined by (18) and (19) are given by dash-lines and solid line in figure 1, respectively. These diagrams are valid for 0 < ε < 1. In case ε ≥ 1 locations of the black hole and the cosmological horizons reach to each others and so cases to instability of the black hole.
In the next section we derive the Hawking thermal radiation of a quantum Lukewarm black hole minimally coupled with a linear two dimensional, massless, charge-less, quantum scalar field. We will consider that the interacting quantum scalar field to be charge-less and so
has not electromagnetic action with the classical electric field stress tensor T class µν defined by (8). So we can suppose that the electric charge of the black hole is not perturbed by the quantum scalar field. Also we will assume that the quantum scalar field is propagated in s (spherically) mode on the spherically symmetric background metric (3) and so its g tt and g rr components are perturbed by the renormalized expectation value of quantum field stress tensor operator <T µν [φ] > ren . Applying the latter assumption one can use two dimensional analog of the quantum field back-reaction corrections on the metric such as follows.
Black Hole Hawking Radiation
According to the work presented by Christensen and Fulling (Christensen and Fulling 1977) we will fined here general solution of the covariant conservation equation defined by
under the anomaly condition (2). Assuming θ, ϕ = constant, two dimensional analog of the metric (3) described in the advanced time Eddington-Finkelestein coordinates (9), become
Applying (21) the corresponding Ricci scalar become R = Ω ′′ (r) where the over prime ′ denotes to differentiation with respect to radial coordinate r and hence the anomaly condition (2) become
Nonzero components of second kind Christoffel symbols are obtained as
Applying (23), the covariant conservation equation defined by (20) leads to the following differential equations.
Using
with S vr = S rv the equations (22), (24) and (25) become respectively
where C 1 is integral constant. Applying (27) and (29) we obtain
where C 2 is also integral constant. Using (27) and (30) one can show
Applying (28) and (31) we obtain
Using (4) and (14) with q = 1, 0 < ε < 1, the stress tensor components defined by (30), (31) and (32) can be rewritten as
A(x) = 1 6
Now we should be determine the integral constants C 1 and C 2 . For the determination of these constants we require the regularity of S µ ν at the black hole horizon in a coordinate system which is regular there. The stress tensor S µ ν , as measured in a local Kruskal coordinate system at black hole horizon, will be finite if S vv and S 
where (u, v) are null coordinates (Christensen and Fulling 1977) . We find easily
are obtained by applying (9) and definition S µν = δ α µ δ β ν S αβ . Applying (30), (38), (39) and (40) we obtain
For a fixed ε as 0 < ε < 1, diagram of the figure 1 determines locations of the unperturbed black hole and cosmological horizons x b , x c where x b < x c . Having this obtained black hole horizon radius x b , and (41), the initial condition S uu (x b ) = 0 reduces to
For fields describing a gas of massless bosons (without spin, charge, or internal degrees of freedom) moved in quasi flat regions of a two dimensional curved space, the density and the flux are actually equal, so that S t t (x q ) + S r r (x q ) = 0, (Christensen and Fulling 1977) which in terms of the (v, r) coordinates become
where x q obtained from Ω ′ (x q ) = 0, (see figure 1 ) defines quasi-flat regions of two dimensional version of the space time (3). Applying (33) the initial condition (43) become
Using (42) and (44) one can obtain
We are now in a position to show that the stress tensor (33) defined in the quasi flat region x = x q can be decomposed in terms of thermal equilibrium S (e) ν µ and radiating S (r) ν µ stress energy tensors of massless and charge-less bosonic gas respectively as
are defined as the black hole radiation and the cosmological thermal equilibrium temperatures respectively.
is the well known Schwarzschild black hole temperature. Now we seek to obtain time-independent solutions of the back reaction equation (1) by applying (10), (11), (12) and (33) in case q = 1.
Back Reaction Equation
Applying the advanced-time Eddington-Finkelestein coordinates (v, r, θ, ϕ) , defined by (9), the quantum perturbed metric (3) is taken to have the form
in which ψ, m are assumed to be depended alone to the radial coordinate r, because the perturbed metric should still be static and spherically symmetric. The index f denotes to the word f inal state of quantum perturbed evaporating Lukewarm Black hole. The perturbed metric (51) leads to the static metric (3) under the following boundary conditions:
is obtained from (15) under the condition ε = 0. Applying (51) and definitions
the (v, r) components of the Einstein's tensor become
where ′ denotes to differentiation with respect to x. All other components are zero except
Applying (10), (11), (12), (33), (55), (56) and (57), we obtain vv, vr and rr components of the Back-reaction equation (1) as respectively
where Ω(x) is given by (34). Solution of the equation (60) can be obtained directly by integrating. It is useful that, we obtain behavior of the solution ψ(x) at neighborhood of its singular points, namely x = 0 and x b,c where Ω(x b,c ) = 0. However we obtain
and C ψ is integral constant which is determined by the initial conditions (53) with ε = 0 the solution (61) leads to
Inserting (59) the equation (58) become
One can rewrite the equation (59) as
Applying (67), (70) and identity
we obtain 2ρ(x)
Using (67) and (73) we obtain exactly
Applying (35), (36), (61), (62), (63), (64), (65), and (66) one obtain
Using (76) and (80), the equations defined by (74) and (75) become respectively
2.27
Applying (77), (79) and (81) the equations defined by (73) and (75) become respectively
Having the above obtained solutions we are now in a position to write the quantum perturbed Lukewarme black hole metric (51) defined in (t, r, θ, ϕ) coordinates as
in which
and ψ(r) with r = 2Mx, is given by (61), (62) and (63). F (r) defined by (52) and (54) as
is given exactly by applying (83), (84), (85), (86), (87) and (88). It will be useful that we choose a numerical value for x b,c from the figure 1 such as follows.
Experimental limits on the cosmological constant is obtained as (Kenyon 1991 )
and order of magnitude of Schwarzschild radiuses for a galaxy and the Sun is given by (2M ∼ 10 16 cm) and (2M ∼ 3 × 10 5 cm) respectively. So whose corresponding coupling
will be obtain as ε galaxy ≃ 1.33 × 10 −22 and ε sun ≃ 1.2 × 10 −43
respectively which are very small digits. As a numerical result we use here ε = 10 −22 and obtain (x b , x c ) ∼ = (0.5, 10 11 ) (93)
Using (83), (84), (85), (86), (87), (88) and the above numerical values the equation (91) leads to
F (x → 10 11 ) ∼ = 2.13 × 10 
Concluding Remarks
Two dimensional analog of the Hawking thermal radiation stress tensor of the quantum perturbed spherically symmetric static Lukewarm back hole is derived, by applying the Christensen and Fulling method. Then the obtained stress tensor, is used to solve a time-independent version of the well known metric back-reaction equation defined in a perturbed Lukewarm metric. According to the York's hypothesis (York 1985) , we assume here that the massless and charge-less quantum scalar fields propagated on the background metric are in s (spherically) modes and so (t, r) components of the metric are perturbed only. This leads still to save its spherically symmetric property and to assume that the mass and cosmological parameter of the Lukewarm black hole to be chosen as slowly varying radial dependence functions. However, mathematical derivations predict a shrunk black hole horizon with an extended cosmological horizon with respect to the corresponding classical horizons location. Particularly these quantum field perturbations do not cause violations of the cosmic sensor-ship hypothesis. 
